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Abstract

In the (Unit Demand) Euclidean Capacitated Vehicle Routing problem (CVRP), we are
given a collection of n points in the Euclidean plane (the clients), one extra point (the
depot), and one integer Q > 1 (the vehicle capacity). A feasible solution is a collection
of tours, where each tour contains the depot and at most Q clients, such that each
client belongs to at least one such tour. Our goal is to minimize the total length of the
tours. This models, e.g., the problem of delivering identical items stored at the depot
to clients using a single vehicle that can carry at most Q items at a time.

CVRP is NP-hard (since it generalized the Euclidean TSP problem) and well-studied
in terms of approximation algorithms. The current best (polynomial-time) approxima-
tion algorithm for CVRP works as follows. First one computes a (TSP) tour Tjs), visiting
all the clients and the depot using the PTAS for Euclidean TSP by [Arora, '98; Mitchell,
'99]. Notice that Tjs, has length at most 1 + ¢ times the optimal CVRP cost opt, for
an arbitrarily small constant ¢ > 0. Then one splits Tjs, into tours containing at most
Q clients each, using a simple tour splitting heuristic by [Haimovich and Kan, "85]:
this step increases the cost of the solution by the so-called radial lower bound rlb < opt.
Altogether this gives a 2 + ¢ approximation.

In this paper we break the long-standing 2-approximation barrier for CVRP, by
presenting a 2 — T approximation for a small positive constant T > 107°. Let rlb =
(1 —y)opt forsome y € [0,1]. The above algorithm provides a 2 + € — 7y approximation,
hence bad when the radial lower bound is large. We complement this with a new and
drastically different algorithm, based on a careful use of matroid intersection, which
achieves a 1 4 & + O(¢/7) approximation. Hence the approximation factor of our new
algorithm approaches 1 when rlb approaches opt.

“Department of Computing Science, University of Alberta, Edmonton, Canada. Email:
zacharyf@ualberta.ca. Research supported by an NSERC Discovery Grant.

TIDSIA, USI-SUPSI, Lugano, Switzerland. Email: ffabrizio.grandoni@idsia.ch. Partially supported by the
SNF Grants 200021200731 and 200021-236706.

HDSIA, USI-SUPSI, Lugano, Switzerland. Email: ramin.mousavi@supsi.ch. Partially supported by the
SNF Grant 200021_200731.


zacharyf@ualberta.ca
mailto:fabrizio.grandoni@idsia.ch
mailto:ramin.mousavi@supsi.ch

1 Introduction

In the (Unit Demand) Euclidean Capacitated Vehicle Routing problem (CVRP) we are given an
integer Q > 1 (the vehicle capacity) plus n + 1 points V = C U {r} in the Euclidean plane,
where 7 is the depot and C are the clients. We let c(a,b) = c¢(b,a) denote the Euclidean
distance between any two points 4, b in the Euclidean plane. Notice that we allow a,b € V
to be collocated, in which case ¢(a,b) = 0. It is also convenient to interpret the input
points as a complete undirected edge-weighted graph G = (V, E, c), where the cost of edge
{a,b} € Eisnaturally c({a,b}) = c(a,b). Given a subgraph S of G, we let V(S) (resp.,
E(S)) denote its nodes (resp., edges). We also let C(S) := V(S) \ {r} be the clients in S.
A feasible solution is a collection of tours Ty, ..., T; such that: (1) each tour T; contains
the depot and at most Q other clients (i.e.,, ¥ € V(T;) and |C(T;)| < Q) and (2) each
client is contained in at least one tour Tj, i.e, U?:1C(Ti) = C. Our goal is to compute
a feasible solution OPT = (Tj, ..., T%) of minimum cost opt := c¢(OPT) := Y&, ¢(T7),
where ¢(T) := Y. E(TY) c(e) is the length of the i-th tour. As an application, the reader
might think about a delivery service which owns a collection of (at least 7) identical items
located in a depot, and has to deliver one item to each one of n client. In order to do that,
it exploits a vehicle that can carry at most Q items at a time. The goal is to minimize the
distance traveled by the vehicle.

CVRP and its generalizations are among the most fundamental and best studied routing
problems, and their study dates back as far as 1959 by Dantzig and Ramser [DR59]. There
are also books dedicated to this topic, see, e.g., [TV02].

CVRP includes the Euclidean TSP problem as a special case (when Q > n, hence one
tour is sufficient), and it is therefore NP-hard [Pap77]. This motivated its study in terms
of approximation algorithms. The current best (polynomial-time) approximation factor
for CVRP is 2 + ¢ for any constant ¢ > 0. For the later discussion, it is instructive to
see how it works. First of all, one computes a TSP tour Tjsp visiting all the clients and
the depot. Let tsp be the length of a shortest such tour. Trivially tsp < opt: indeed, by
gluing together the tours in OPT and shortcutting the copies of r by means of triangle
inequality, one gets a feasible TSP tour of V U {r}. Therefore, using the PTAS for Euclidean
TSP by Arora [Aro98] or Mitchell [Mit99], one obtains ¢(Tisp) := Yeep(t,,) cle) < (1+
g) -tsp < (1+¢) - opt for an arbitrarily small constant ¢ > 0. Next one converts Tisp
into a collection of feasible tours using the tour splitting heuristic by Haimovich and Kan
[HK85]. In more detail, let 7, v1, ..., vy, r be the ordered sequence of nodes in Tjsp. Choose
a randomﬂ integer offset s € {1,...,Q}. The collection of tours is Ty = r,v1,...,0s,7,
Ty =71,0s41,. -, 050,17, T0 = 1,051.041,+ -+, Us42.0, 1 ooy Ty = 71, Vs (h—1)-Q+1s+ -+ Uns 1
Observe that these tours contain at most Q clients each and together they cover all the
clients (hence they induce a feasible solution). The increase of the cost w.r.t. ¢(Tjsp) is

upper bounded by Z?:_Ol 2-¢(r,vs44.0)- To upper bound the latter increase, one can use the
following radial lower bound:

Lemma 1 (Haimovich and Kan [HK85]). One has rlb := é Yoec2-c(r,v) < opt.

IThis can be easily derandomized by trying all the options.




Proof. For each tour T* € OPT and each client v € C(T*), we have 2 - ¢(r,v) < ¢(T*)

because T* consists of two disjoint 7-v paths. So Y 2-¢c(r,v) < |C(T*)|-¢(T*) < Q-
veC(T*)

c(T*). Summing over all tours T* € OPT shows }_,cc2-¢(r,v) < Q - opt, as required. [

The expected contribution of each node v to the increase of the cost is at most é -c(r,v).
Hence the total expected increase is at most rlb. Altogether, the expected cost of the
computed solution is at most (1 +¢) - tsp +rlb < (2 +¢) - opt.

There are a number of improved approximation algorithms for special cases of CVRP.
Asano et al. [AKTT97] give a PTAS for CVRP when Q is bounded by O(logn/ loglogn)
and Adamaszek, Czumaj, and Lingas [ACL09] improve this to a PTAS when Q is bounded

by 218" () for some function f(e) depending on £ > 0.

Better-than-2 approximations are known for random instances of CVRP. Namely, if
the depot is located at the origin (0,0) and the clients are sampled uniformly at random
from the square [0, 1]?, then algorithms with asympotically-almost-surely approximation
guarantees (over the randomness in the input) better than 2 are known: first a 1.955-
approximation by Bompadre, Dror, and Orlin [BDO07], then a 1.915-approximation by
Mathieu and Zhou [MZ22], and then a 1.55-approximation by Nie and Zhou [NZ24].
Finally, Das and Mathieu [DM10] give a QPTAS for CVRP, i.e., a (1 + ¢)-approximation for
any constant ¢ > 0 running in quasi-polynomial-time #P°Y(108")  This is a strong evidence
that CVRP might admit a PTAS.

However, despite the efforts of several researchers, the best known (polynomial-time)
approximation for CVRP with no restrictions is the relatively-simple (modulo the non-
trivial PTAS for Euclidean TSP) 2 + e approximation described before. In this paper for
the first time we break this 2-approximation barrier for CVRP. Namely, we obtain the
following main result.

Theorem 2 (Main result). For some absolute constant T > 107>, there is a polynomial-time
(2 — 1)-approximation for CVRP.

Let rlb = (1 — )opt for some v € [0,1]. The above algorithm provides a 2 + ¢ —
7 approximation, which is good enough when 7 is sufficiently large (i.e., the radial
lower bound is sufficiently far from opt). We combine this with a new and drastically
different algorithm which achieves a 1 + ¢ + O({/7) approximation, hence good when
7 is sufficiently small (i.e., the radial lower bound is sufficiently close to opt). At a
technical level, and interesting and novel aspect of our new algorithm is the use of matroid
intersection. An overview of our approach is given in section 1.2}

1.1 Related Work

A natural generalization of CVRP, the Unsplittable CVRP, is obtained by letting each client
v € C have an integer demand d(v) € [0, Q] and requiring that for each tour T; in a feasible
solution one has }_,c¢(1,) d(v) < Q. Grandoni, Mathieu, and Zhou give the current-best
(2 + ¢)-approximation [GMZ23], improving over an earlier 2.694-approximation [FMRS22]
which is for a generalization of Unsplittable CVRP, namely, the metric unsplittable CVRP
(see the end of this section for more on metric unsplittable CVRP). We exploit several ideas
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of [GMZ23] in this work (see Section . Note that it is not possible to approximate in
polynomial-time Unsplittable CVRP below a factor of 1.5 unless P = NP. Indeed, consider
the case where all clients C are collocated at distance 1/2 from r and the total demand is
2Q. Then determining whether opt < 2 or opt > 3 would solve the Partition problem.

Capacitated Vehicle Routing has been studied in other metrics. When the capacity Q
can be regarded as a fixed constant, Becker, Klein, and Schild give a PTAS in (shortest path
metrics of) planar graphs [BKS19] and Becker, Klein, and Saulpic give a PTAS in graphs
with bounded highway dimension as well as exact algorithms for graphs of bounded
treewidth [BKS18]. Cohen-Addad et al. obtained efficient PTASes for constant Q in graphs
of bounded treewidth, bounded highway dimension, and bounded genus plus a QPTAS
for minor-free metrics which includes planar graphs [CAFKL20].

For unbounded Q in restricted metrics, Jayaprakash and Salavatipour give a QPTAS
for Capacitated Vehicle Routing in graphs of bounded treewidth, bounded highway di-
mension, and bounded doubling dimension. The latter improves on a QPTAS in doubling
metrics by Khachay and Ogorodnikov when Q is polylogarithmic in the number of clients.
More recently, Matheiu and Zhou give a true PTAS for unbounded Q for Capacitated
Vehicle Routing instances in trees [MZ23].

Another natural generalization of CVRP, Metric CVRP, is obtained by letting ¢ : (C U
{r}) x (CU{r}) = R>g be any metric. Using an pssp-approximation for metric TSP in
combination with the approach in [HK85] described before gives an pys, + 1 approximation
for Metric CVRP. In particular one gets a 2.5 approximation using the Metric TSP algorithm
by Christofides [Chr76] and Serdyukov [Ser78]. Following the recent breakthroughs by
Karlin, Klein, and Oveis-Gharan [KKG24, KKG23], this has been improved to a constant
slightly smaller than 3/2 resulting in a guarantee slightly better than 2.5 for Metric CVRP.

Finally, in 2023 a new approach for Metric CVRP was introduced by Blauth, Traub, and
Vygen [BTV23]. In more detail, let iy be defined such that rlb = (1 — 7) - opt, where rlb is
the radial lower bound defined earlier. The approximation guarantee of the algorithm in
[HK85] is indeed at most pssp + 1 — 1. If this is not already substantially better than pys) + 1,
then y must be small. In this case, intuitively for most tours T;* € OPT, most of the clients
C(T}) are very close to the peak of T}, i.e., the client v € C(T;*) at maximum distance c(r, v)
from the depot. With such a well-structured instance, the authors are able to find cheaper
TSP tours. Namely, they show how to find a TSP tour T with ¢(T) < (1+ f(v)) - opt where
f () is a function that vanishes as v — 0. Using T along with the tour splitting heuristic
yields an approximation guarantee of 2 + f(-y) — <. Taking the better of the two algorithms
yields an approximation with guarantee min{ps, +1 — 7,24 f(v) — 7}. The worst case
over all v depends on p;sp and the particular function f, but is a constant-factor smaller

than pys, + 1 for any constant pysp. In particular, they obtain a (2.5 — ﬁ) -approximation

(or slightly better using the result in [KKG24, KKG23]]). Unfortunately, their approach
does not lead to a better-than-2 approximation factor for the Euclidean case. Indeed, it is
clear from the details in [BTV23] that f () vanishes at a much slower rate than vy (i.e. f(7)
vanishes like O(7°) for some constant ¢ < 1). Hence for pssp = 1 + ¢, their approach does
not provide better than a 2-approximation for any constant ¢ > 0.

One can also combine the above two generalizations, hence obtaining the Unsplittable
Metric CVRP. As mentioned in [HK85], the algorithm for (Metric) CVRP can be adapted to



unplittable case to give an pysp +2 < 3.5 approximation (see [AG87] for a full argument).
The improved Metric CVRP approximation in [BTV23|] gives an approximation guarantee
of 3.5 —1/3000. Friggstad et al. [EMRS22] give a different approach to finding both
a low-cost tour and a better tour-splitting approach for unsplittable CVRP to give an
ptsp +1In(2) + & ~ 3.194 + ¢ approximation for any constant ¢ > 0. The latter result can be
slightly improved further using the approach in [BTV23].

We are not aware of any prior use of matroid intersection in the framework of (Metric)
CVRP. However a similar matroid intersection approach was previously used to design a
2-approximation for a variant of multiple-depot TSP path [RS06].

1.2 Overview of Our Approach

W.l.o.g. we can assume that, for any v € C, ¢(r,v) > 0 (i.e., no client is collocated with r).
Indeed clients collocated with r can be covered with separate tours of cost 0. By standard
reductions (see Theorem ), we can also assume that the distance c(, v) between the depot
r and any client v € C is between 1 and D = O,(1). These assumptions introduce a 1 + ¢
factor in the approximation. Furthermore, we can assume that the number A of tours
in some optimal solution OPT is lower bounded by an arbitrarily large constant: indeed
otherwise a simple modification to a PTAS for Euclidean TSP provides a PTAS for CVRP
(see, e.g., [AKTT97]). Observe that the optimum solution has cost opt > 2A. Therefore in
the approximation factor the cost of O,(1) tours of length O(D) = O¢(1) can be neglected.
Finally, we can assume that Q is lower bounded by a sufficiently large constant, otherwise
a PTAS exists [AKTT97].

For simplicity, let us next neglect the 1 + & factors due to the above reductions and to
the PTAS for Euclidean TSP. Observe that, if rlb < (1 — ) - opt for some constant y > 0,
then the existing approaches already give a tsp + rlb < (2 — ) - opt approximation.

So we can assume w.l.o.g. that this is not the case, and, for the sake of this overview,
imagine v > 0 as being a very small constant. We next illustrate how to get an approxi-
mation factor very close to 1 for this setting. The 7 from Theorem 2|simply comes from a
more careful balancing of the different constants in the following discussion.

Let us partition the ball B(r, D) of radius D center at r (recall that such ball contains all
the clients C) into cells similarly to [GMZ23]]: intuitively, we draw rays centered at r where
consecutive rays induce a sufficiently small angle § = @(f ), and we draw circumferences
centered at r with radius between 1 and D such that consecutive circumferences differ in
radius by ' = O(¢) (see also Figure . Here ¢ < 7. This induces K = O(lg—;) = 0O:(1)
regions that we call cells. Notice that each client belongs to precisely one cell (breaking
ties arbitrarily, but favoring cells which are closer to r). Furthermore, by choosing 6 and r’
appropriately, we can enforce that the perimeter of each cell and the maximum distance
among any two points in the cell is at most e. We choose some point z (the precisely location
is not critical) of each cell as the center of this cell. Let cell(z) be the cell corresponding
to center z, C(z) be the clients in cell(z), and Z be the set of centers. In the following we
will consider the expansion of the associated graph G where we add the nodes Z with the
respective edges and costs.

For an optimal tour T* € OPT, let peak(T*) be the client in C(T*) which is furthest
away from r (breaking ties arbitrarily), and let z(T*) be the center of the cell containing
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Figure 1: Partitioning of the region containing clients into cells. Some of the cells are shown
in the gray region with their centers shown with blue points.

peak(T*) (peak center of T*). Let 4,6’ > 0 be two small enough constants. For the sake
of this overview, we set § = @({/7) and &' = @({/92) so that 6 - (6')2 > 7. We define
the d-neighboring cells of center z € Z as the cells cell(z’) containing at least one point
at distance at most J - ¢(r,z) + ¢ from z and such that c(r,z") < ¢(r,z) (see also Figure
. The peak clients Cpeqr(T*) of T* are the clients in C(T*) contained in a J-neighboring
cell of z(T*). The remaining clients Cj, (T*) := C(T*) \ Cpeax(T™) are the leftover clients
of T*. We also let Cp (resp, Cis1o) be the set of all the peak (resp., leftover) clients. In
the following, for a subgraph S (usually a path or a tour), Cpes(S) = C(S) N Cpear and
Cift0(S) = C(S) N Cifyo- The assumption that rlb > (1 — 7) - opt imposes the following
helpful property on OPT:

(a) One has 11b(Cpear) > (1 —0O(0)) - rlb and rlb(Cgy,) < O(8') - opt, where rlb(W) :=
é Y oew 2 - ¢(r,v) is the portion of the radial lower bound corresponding to W C C.

To see why the above property holds, suppose by contradiction that the bad tours T* where
at least ¢’ - Q clients are not peak clients, have total cost at least &’ - opt (the other tours are
called good). For each such bad T*,

ib(C(T) < (1= 6) + 8- (1—8)) - 2-c(r,z(T*)) < (1—5-8) - c(T*),

where the first inequality follows from the fact that at least ¢’ - Q clients on T* have
distance at most (1 — ¢) - ¢(r,z(T*)) from r where each such clients contribute much less
than ¢(T*) to rlb (see Claim (14| for a proof), and the rest (at most (1 — ') - Q many) of
the clients have distance at most c¢(r,z(T*)) from r. As a consequence one gets rlb <
opt— 04" -opt+ (1—6-6")--opt < (1—1y)-opt, a contradiction. One consequence is



that

11b(Cpear) > (1 —6)(1 — o) Z 2-¢c(r,z(T))
T*€OPT, T*good
>(1-0)(1-4d) Y 1b(C(TY)
T*€OPT, T*good

> (1-206)(1—206)% (1lb — &'opt) = (1 —O(9)) - 1lb.
Another consequence is that

r1b(Cpf10) < Yo ab(V(TY) + ¢ Y co(T*) < O(8")opt.
T*€OPT, T* bad T*cOPT, T* good

In order to illustrate our main ideas, let us make for a moment the following second
assumption (we will later discuss how to get rid of it):

(b) For each tour T* € OPT, its peak clients Cpeak(T*) are collocated in its peak center
z(T*).

We next sketch how to get a 1 + O(3/7) approximation based on (a) and (b). We remark
that, if all the clients are located at the centers, then a PTAS is easy to derive (see, e.g.,
[GMZ23]]). However this is not known in the above setting due to the leftover clients.

Exploiting the fact that there are only O (1) cells, we can guess the number ¢, of optimal
tours that have each center z as its peak center. We can also guess how many clients n*
located at z are peak clients. Even more, since the clients located at z are indistinguishable,
we can arbitrarily choose any n* such clients to be peak clients and let the remaining ones
be leftover clients (together with the clients in the same cell which are not located in z). Let
Cpeak(z) be the peak clients located at z: observe that obviously n* = [Cpea(z)| < £ Q; we
will use this observation later. Notice that so far we used Property (b) only.

At this point, our first main novel idea comes into play. We can interpret each optimal
tour T* as two paths between r and z(T*): each such path collects some leftover clients,
and furthermore the tour collects some peak clients in z(T*); clearly the total number of
collected clients is at most Q. So our goal is to compute a collection of such paths that visit
all the leftover clients and a partition of the peak clients in each center into subsets, such
that it is possible to subdivide all the paths and subsets into triples containing 2 paths and
one subset of peak clients that altogether involve at most Q clients. At the same time, the
total length of the paths should be minimized.

We relax the above problem as follows: we compute a forest of trees of minimum total
cost (in terms of the total length of their edges) such that each tree contains r and some
center z, the number of trees containing z is precisely 2 - t;, and the trees altogether span
all the leftover clients. This problem can be reduced to matroid intersection, hence it is
solvable optimally in polynomial time (see, e.g., Theorem 41.6 in [Sch03]]). In more detail,
we replace the peak nodes located at z with 2 - ¢, nodes located there (we call these nodes
the copies of z), and we replace r with 2 - t, copies of r for each center z. Then one matroid
is a graphical matroid plus the extra constraint that no tree contains more than one copy of
a center, see [OC94] for a proof this is a matroid. Similarly, the other matroid is a graphical
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z€Z,t,=1 z

r

Figure 2: Left picture shows two trees (one in black edges and one in blue edges) both
containing r and a center z € Z. In each tree, we double the edges not on the unique
r,z-path, shown in red edges. Right picture shows two edge-disjoint r, z-path obtained
from the trees and the added edges and shortcutting whenever necessary.

matroid plus the extra constraint that each tree contains at most one copy of r. This way, a
base that is common to both matroids is a forest where each tree has exactly one copy of r
and exactly one copy of some center z.

Let Fi,...,F; be the computed trees. We remark that 2?:1 c(F;) < opt since OPT
induces a feasible base for the considered matroid intersection. Next we exploit Property
(a) to transform each such tree with center z into an r-z path with a negligible increase of
the overall cost. Consider any tree F; in such forest containing a center z;. Remember that
F; also contains 7, hence in particular it contains one r-z; path b;. We duplicate all the edge
of F; not in P; and via shortcutting we transform the resulting multi-graph into an r-z; path
P; without any further increase of the cost (see also Figure 2).

Interpreting both F; and D; as sets of edges, one has c¢(P;) < c(F;) + c(F;\ P;) and
trivially c(P;) > ¢(r, z;). By Properties (a) and (b),

Q (a)
T*ZO;PTZ'C(Y,Z(T*)) > T*ZOPTﬂb(Cpeak( ) > (1-0()) -rlb = (1 - ©(4)) - opt.

2-¢(r,z(T*)) < O(6)opt = O(/)opt,
T*€OPT

M&
o
far
_—
~
INA
.MQ
o
g
I
<'3
ﬁ
N
T MQ

where in the last inequality we used the fact that }_; c(F;) < opt.

Consider now the obtained collection P, ..., P; of paths, where each P; is an r-z; path
for some center z;. Next, we need to turn these paths into a feasible CVRP solution. Notice
that, unlike similar steps in prior work [HKS85| BTV23|], we cannot afford to incur a cost of
rlb here since this would not be sufficient to obtain a better than 2 approximation. Recall
that these paths together span all the leftover clients. We remark that each P; might contain
more than Q clients, which makes complicated to combine such paths together into feasible
tours. Indeed, for technical reasons, it would be convenient if each such path contained
at most p - Q (that we assume to be integer for simplicity) leftover clients for some small
enough constant 0 < p < %, that for the sake of this presentation we fix to /7 in this
overview. We can enforce this property with a negligible increase of the cost by exploiting
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S
last split vertex =p-Q

r

Figure 3: On the left, an -z path P. On the right, the resulting tours 79, T1, T2 and one r-z
path P/, each one containing at most p - Q clients for a parameter 0 < p < 1.

Property (a) in combination with the tour splitting heuristic (see also Figure 3 and Lemma
. In more detail, consider any such P; with more than p - Q clients and letr, vy, ..., vy, z; be
the ordered sequence of nodes along P;. We choose a randomﬂ offsets € {1,...,p-Q} and
split P; into subpaths Pi0 =7r,01,...,0s Pl.1 = Usi1, -+, UspQs Pl-2 = Us4p-Q+1s+- -+ Us+2:0-Qs

. PZ.hiJrl = Usyh;pQ+1s - - -, U1, Zi (€ach one containing at most p - Q leftover clients). Then

for each such subpath Pij excluding the last one we add the edge {7, vs1;.,.0 } between the
depot and its last node. Furthermore for each such path Pl-] excluding the first one, we add
the edge {r, v, (j-1)0-Q 11} between the depot and its first node. Thanks to Property (a),
the cost of the added edges is negligible. More precisely, the expected increase of the cost
w.r.t. ¢(P;) can be upper bounded by F% Yoec(p) 2 c(r,v) = % -1lb(C(P)), i.e., 2—7 times the
radial lower bound associated with C(P;) = Cjs;,(P;). By Property (a) one has that

q (a)
Y. rb({v})=)_ ) r1b({v}) < O()-opt.
Z)Eleto i=1 UGleto(Pi)
Hence the total increase of the cost is at most %5/) -opt < O({/7) - opt. The added

edges transform each subpath Pi] excluding the last one into a tour Tl.] containing at most
p - Q < Q clients in total: these tours are simply added to the final solution. The remaining
P! := Pl.h U {r, Usth;-pQ} 18 an r-z; path containing at most p - Q clients as desired.

It remains to handle the leftover clients contained in the subpaths P! plus all the peak
clients. This is relatively easy to do. Let us focus on a specific center z. Recall that there
are 2 - t, paths of type P! incident to z. We arbitrarily group such paths in pairs, and for
each such pair (P(®, P()) we add to the solution the tour P(*) U P(). The obtained tour
covers the (at most 2p Q many) leftover clients C; fto(P(”’)) U Cifro(P (%)) plus a number of
distinct peak clients in z to reach Q clients in total (assuming that there are enough peak

2 Also in this case the derandomization is trivial.



Figure 4: The cell cell(z) with center z is shown with the bold green region. The 4-
neighborhood of z is shown with bold purple boundaries. The J-neighboring cells of z are
illustrated with light green color.

clients left, otherwise we simply add all the remaining peak clients at z). Notice that all the
leftover clients are already covered at this point. If we happen to cover all the peak clients
at z this way, we are done w.r.t. z. Otherwise we construct a minimal number of tours of
length 2 - ¢(r, z) to cover the remaining peak clients at z.

We next argue that the latter tours are cheap enough. Recall that OPT has t, tours with
peak center z, hence the peak clients at z are at most ¢, - Q. Each pair of paths (P(%), P())
ending in z contain at most 2 - p - Q clients in total, hence the corresponding tour consumes
at least (1 — 2p) - Q peak clients at z (since we did not exhaust all the peak clients at z).
Since there are ¢, many such tours and the total number of peak clients at z is at most ¢, - Q,
the number of remaining peak clients to cover is at most 2 - p - t, - Q. Hence we need at
most [2-p-t,] <2-p-t,+ 1 extra tours of cost 2 - ¢(7, z) to serve them, paying in total at
most (2-p-t;+1)-2-¢(r,z). Notice that OPT must pay at least f, - 2 - ¢(r, z) for the tours
with peak center at z. This means that we pay at most 2 - p - opt = O(3/7) - opt for the final
tours, excluding at most one tour of cost 2 - ¢(7, z) per center z. The cost of the latter tours
is at most O(e) - opt. Indeed each such tour costs at most 2 - D, while the optimum solution
costs at least 2 - A (recall that OPT contains A tours). Hence it is sufficient to assume that
A > 1.D.K=0(1), where K is the number of cells. Altogether this givesa 1+ O({/7)
approximation as promised.

We next discuss how to get rid of Property (b). This step is more technical in spirit.
We construct, for each center z, a tour Tpeak(z) containing the desired (guessed) number
n* = |Cpear(2)| of clients for z (but not the depot!) as follows. Recall C(2) is the set of
clients in the d-neighboring cells of cell(z) such that each such client belongs to an optimal
tour T* where z(T*) = z. For each é-neighboring cell cell(z’) of z (including cell(z) itself),
we guess the number 77, of peak clients C,,(z) which are contained in cell(z’). We set
nZ, = 0 for the remaining cells cell(z’). Clearly },/cz nZ, = n*, and this guessing involves
a polynomial number of options. Now for each cell cell(z’), we compute the (roughly)
cheapest tour Tisp, (2') that covers any ks := Y, , nZ clients inside cell(z’) using a known

PTAS for Euclidean k—TSIﬂ [Aro98, vWZ24]. We remark that T ¢ (2') contains a subset of

SRecall that k-TSP is a variant of TSP where one searches for the shortest tour that visits k nodes (instead



the clients C(z’) inside cell(z"). In particular, it must be k., < |C(z’)|. We build Tpeqx(z) by
cutting from each Ty, (2') a subpath containing nZ, distinct clients (fragment), and then
gluing these fragments together (see also Figure [5la). Notice that the clients in the tours
Tpeak(z) are not necessarily the peak clients Cpqx in OPT. However for the rest of the proof
we can simply consider them as peak clients, and call leftover the remaining ones.

Let us argue why the total cost of the tours T,eak(z) is small enough. Consider any

T* € OPT, and interpret it as a polygonal chain in the plane. Consider the projectionﬁ
T* . of T* into the neighboring cells of z(T*), and let c(T;‘ -ak) be the total length of this

ea
le:ojection. The fact that rlb > (1 — ) - opt imposes that }_r«copt c(T;eak) < O(¥/7) - opt.
The intuition why this holds is that, rIb > (1 — ) - opt implies the optimal tours with
peak center z have length on average at most (1+ O(7)) - 2 ¢(r,z), i.e., the optimal tours
on average are almost two straight lines between r and z. Traversing these lines starting
from 7, the clients on T7_,, are, by definition of T5,,,, roughly on the last é - c(r,z(T*))

cak) < O(9) - ¢(T™), this is proved formally in

portion of these lines which implies c(T;
Claim Next consider the projections of all the T;e o inside a given cell cell(z"). We can

glue these projections in a single tour by paying 3/2 times the perimeter ¢ of cell(z') using
the approach in [Kar77]. Hence the gluing cost is at most O(¢) - K in total, where K = O,(1)
is the total number of cells. The latter gluing cost is negligible since opt > 2A, and we can
assume w.l.o.g. that A > K (otherwise a PTAS exists). Summarizing, the tours Tk_tsp(z’ )
will cost in total at most (O(/7) +¢€) - opt = O(/7) - opt. Via a similar argument, we can
glue together all the fragments of each Ty (z') which are needed to build Tyeai(z) ata
negligible cost. Indeed, we need to glue at most K fragments per center z, using edges of
length at most O(D). So the total cost is at most O(D - K?) = O(¢) - opt by assuming that
A is large enough, this is proved formally in Lemma

It remains to describe how to use these tours Tpeak(z), containing n* clients each and of
total cost O(/7) - opt, in place of Property (b). We can compute the forest F;, ..., F; as in
the previous description. The total cost of the forest is now (1 + O(e)) - opt, where the extra
O(e) factor comes from the fact that we insist on each tree F; in the forest containing the
corresponding peak center z; (while z; might not belong to OPT). Then we can split each

F; into paths Pio,. e, Pl.hiﬂ, derive the tours Tio,. ., Tl.h " and the path Pi’ as before. Recall
that in the above description we considered t, pairs of -z paths (P(@), P(t)) collecting
IC, fto(P(”))| + [Cifto (P ())| < 2-p-Q leftover clients in total. Hence we need to collect
(up to) Q — |C1fto(P(“) )|+ |leto(P(b))| extra peak clients corresponding to z: we do so by
cutting a distinct fragment of Tpeak(z) containing the desired number of clients, and then
connecting the endpoints of this fragment with z at cost O(d) - ¢(r,z) = O(y/7) - c(7, 2)
(see also Figure [5b). Hence the latter connection costs O({/7) - opt in total. The same
approach also works to cover the final (up to) 2 - p - t, - Q peak clients at z as in the previous
discussion, at a total cost of O(¢) - opt = O({/7y)opt. Altogether, we obtain a 1 + O(/7)
approximation as promised.

of all nodes).

4By the projection of a tour T* into a cell cell(z), we mean the restriction of T* inside cell(z). In particular,
the projection consists of a collection of polygonal chains that lie inside cell(z) and whose endpoints lie on
the boundary of cell(z).
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Figure 5: (a) Green and blue edges define the tours Tk_tsp(z’ ) while red and green edges
define the tour Tpeak(z). (b) We connect the endpoints of a fragment of Tpeqx (z) (shown in
bold red and green) to z using the bold blue edges to form a tour including z. Then, paths
P and P®) (shown in bold purple) plus this tour form a tour in our final solution.

Balancing the latter factor with the 2 — < factor obtained trivially in the complementary
case rlb < (1 — ) - opt, one obtains a strictly better than 2 approximation.

1.3 Preliminaries

Throughout the paper, the union of any two sets of edges is preformed with multiplicities,
i.e., if e € FN F' then we have two copies of e in F U F'. For a subgraph H, we denote by
V(H) and E(H) the vertices and edges of H, respectively. We define C(H) to be the set
of clients in V(H). We allow multiple copies of an edge in a subgraph so throughout the
paper by subgraph we mean multi-subgraph. We define the cost of subset of edges E’ to

be the sum of the cost of edges in E’ and denote itby ¢(E’) := Y c(e). By a tour we mean
ecE’
a cycle that contains some vertices of V. Sometime we define a path or a tour F on V with

the help of some points in R? that does not belong to V. We let C(F) := V(F) N C. For
a tour T, we define peak(T) to be the client in C(T) with the maximum distance from r
(breaking ties arbitrarily).

Let P = v1,vy,...,v; be a path where v; € C. We can view P in the plane as well.
Note P is a collection of straight lines between v; and v;;; for1 <i <k —1. Let x € R?
be a point on the straight line between v; and v;;; for somei = 1,...,k — 1. Then, we
define the cost of subpath of P between v; and x for any j < i to be the cost of the subpath
Vi) Vjy1s- -, U plus ¢(v;, x). We denote this subpath by ij,x. Similarly, we define the cost
of subpath of P between x and v; for any j > i. Since P is a set of (edges) straight lines and
c is the Euclidean metric, we have ¢(P) = ¢(Py,,x) + ¢(Px0,)-

Given an ordered sequence of clients vy,vy,..., vk, a fragment of size 1 < ¢ < k is
a contiguous subsequence, i.e., a subsequence made up of ¢ consecutive elements of
v1, ..., Furthermore, the endpoints of a fragment are the clients in the fragment with
the smallest and the largest indices.

We already mentioned the radial lower bound rlb := é Y. 2-¢(r,v) < optand the TSP
veC

11



lower bound tsp < opt, where tsp is the length of a shortest tour spanning C U {r}. Recall
that, for X C C, we use rlb(X) := é Y oex 2 - c(r,v) to denote the part of rlb restricted to X.
The following lemma summarizes the discussion about the classical 2 4- ¢ approximation
for CVRP.

Lemma 3 ([HKS85, |Aro98, Mit99])). In polynomial time one can compute a solution to a CVRP
instance of cost at most (1 + ¢€) - tsp + rlb.

In the following we will need also the following other lower bound. For a tour T* €
OPT, let peak(T*) be the client v € C(T*) (the peak client or simply peak of T*) at maximum
distance from r (breaking ties arbitrarily). Then the peak lower bound is

plb:= Y 2.c(r,peak(T")).
T*€OPT

Notice that plb < opt since each tour T* € OPT can be split into two paths between r
and peak(T*), each one of length at least c(r, peak(T*)). Where remark that plb is stronger
lower bound than rlb, indeed

db< Y L Y 2.c(no)< ¥ 2-c(r, peak(T*)) = plb.
T*€OPT |C(T )| veC(T*) T*€OPT

The following lemma summarizes the above discussion.
Lemma 4 (Lower bounds). One has rlb < plb < opt and tsp < opt.

We define regret distances on (C U {r}) x C which will be important for us later. For
two vertices u and v, we define its regret to be regret(u,v) := c(r,u) + c(u,v) — c(r,v). It
is easy to verify that regret(., .) satisfies non-negativity and triangle inequality but note we
may have regret(u,v) # regret(v, u). For a path P = vy, v, ..., vy, the regret is defined

m—1
as the sum of regret of edges of P, i.e., regret(P) := ) regret(v;,v;11). We have the
i=1

following easy to verify fact about the regret of paths.

Fact 5. Consider a path P = r,v1,vy, ..., Uy starting at v. Then, we have regret(P) = ¢(P) —
c(r,vm).

We view a tour T* € OPT as two paths Pr+, P starting from r and ending at the peak
peak(T*). We define the regret of OPT as

regret(OPT) := ) regret(Pr-) + regret(Pr.)

T*€OPT

= Y o(Pre)+c(Pp) — 2 c(r, peak(T")) (1)
T*€OPT

= Y o(T*)—2-c(r,peak(T*)) = opt — plb.
T*€OPT

It is crucial for the analysis of our algorithm that the CVRP instance has a bounded
aspect ratio. We will use the following result due to [ACL09] (see also [GMZ23]).

12



Theorem 6 (Reduction to bounded aspect ratio). For any constant € > 0, given a polynomial-

time a approximation for CVRP under the assumption that 1 < ¢(r,v) < D = (%)% for each
v € C, there is a polynomial-time (1 + ¢)-approximation for CVRP with no restriction.

We next assume that the input instance has bounded aspect radius as in Theorem [6]
In particular all the clients are contained in an annulus centers at » with inner radius 1
and outer radius D. We call this instance, a D-bounded instance of CVRP. We partition
this annulus into regions called cells similarly to [GMZ23] (see also Figure [1): we call this
a cell splitting. In more detail, we consider circumferences with center r where the i-th
circumference has radius 1 + ; - i for integers i in 0 <i < Ky := %. Next, we draw rays
from r with the angle between any two consecutive rays equal to ZK—;T where K; := [S'Z'D 1,
i.e., these rays partition any circle with center r into K; sectors.

The intersection of the region between any two consecutive circumferences and the
region between any two consecutive rays, is called a cell. We call any point on the plane
that is in the intersection of a circumference (except the circumference with radius 1) and a
ray a center. Denote by Z the set of all centers. Note that for each cell A, there are up to 4
centers that are on the boundary of A. Among these four centers, we assign the one whose
polar coordinate has the largest distance from the origin (i.e., ) and the smallest angle as
the center of A. For z € Z, we define cell(z) to be the cell whose center is z. Each client
belongs to precisely one cell, breaking ties arbitrarily, but favoring cells whose center is
closer to r. We denote by C(z) the set of clients in cell(z). The length of the boundary of
cell(z) is denoted by bd(z). See Figure [l| for an illustration. For a tour T, we define the
peak center of T to be the center of the cell containing peak(T). For the rest of the paper, we
will consider the expansion of the associated graph where we add the nodes Z with the
respective edges and costs.

Fact 7. The following properties hold:
1. The maximum distance between any two points in cell(z) is at most § and bd(z) < e.

2. Forany x € R? in cell(z), we have c(r, x) < c(r, z).

3. The number of centers/cells is at most K := Ky - Ky = 4D, [

8-m-D
€ " —‘

€

Proof. Properties (2) and (3) are trivial.

Proof of property (1): Consider cell(z) where c(r,z) = 1+ § -jfor some 1 < j < Kj.
Then, the boundary of cell(z) on the j-circumference has length ¢(7, z) - 2K—gf < §. Similarly,
the length of the boundary of cell(z) on the (j — 1)-th circumference is at most §. The length
of the other two boundaries of cell(z) is exactly § by definition of our circumferences.
This proves bd(z) < e and the distance between any two points in cell(z) is at most
§+5- 4 .

As discussed in Section given a path we use a standard randomized procedure
to divide the path into fragments of a particular size. A similar procedure was used in
[EMRS22]. For an illustration see Figure
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Lemma 8 (Path partitioning). Given a path P = r,v1,v5 ..., v, zwherev; € C fori =1,...,k,
z € Z (a center), and an integer fragment size p - Q for some 0 < p < 1, there is a polynomial-time
algorithm that turns P into some tours TC, ..., T" each one containing r and at most p - Q clients,
and exactly one r-z path P’ containing at most p - Q clients, such that the tours and P’ span all the
clients of P, i.e., C(P) = C(T°) U...UC(T") UC(P"). Furthermore, the total cost of these tours

k
and P’ is at most ¢(P) + p_LQ - Y 2-¢(r,v;).
-1

1

Proof. First, we give a randomized algorithm and then we discuss how to derandomize it.
If k < p-Q, return P’ := P. Otherwise, choose a random offset s € {1,2,...,p-Q}. We
call v; a split client if and only if there is an integer £ > 0 such that

i=s+/0-0-Q

The probability, over the random choices of s, that v; is a split client is exactly p_LQ. Let

(XY ’Uihﬂ
Define the following tours with the help of the added edges: T .= T, 01,2, 05,1,
T :=r0,...,05,1.., T = 7, Viys -+, iy, 1 For j =1,...,h, obtain T/ from T/ by
shortcutting v;,. We also let TO := T9. Note that ¢(T/) < ¢(T/) forj =0,...,h.

Lastly, we define the path P := r,v; ,...,v, z. By shortcutting v; , we obtain P’ :=
1, Vi, +1, - - -, Uk, 2 Of cost no more than c(P"). It is easy to see this collection of tours and P’
satisfy the requirement of the lemma.

Note the total cost of the tours and P’ is at most c(P) plus the added edges for each

be the split clients. For every split client v;, add two copies of {r, vij}.

k
split vertex. The expected cost of the added edges is exactly ‘% E,l 2-¢(r,v;).

We can derandomize the above procedure by enumerating all possible choices of the
random offset s and output the cheapest solution among all possibilities. O

2 An Improved Approximation Algorithm for CVRP

Recall that A denotes the number of tours in some reference optimal solution OPT, and
K := %2 . [#1D7 denotes the number of cells in a cell-splitting of a D-bounded instance.
Let A’ := [2.K?- D]. We remark that both K and D depend only on ¢, hence A’ = O(1).
The next lemma summarizes some properties that we can assume w.l.o.g.

Lemma 9. For any two constants ¢ > 0 and « > 1, given a polynomial-time x-approximation
algorithm, « > 1, for an instance of CVRP satisfying: (1) the instance is D-bounded, (2) Q > 1/¢,
and (3) A > N. Then there is a polynomial-time a(1 + €) approximation for CVRP in general.

Proof. By Theorem [p| we can assume (1) while losing a factor 1 + ¢ in the approximation. If
(2) does not hold, we obtain a 1 + ¢’ < a approximation using the PTAS in [HKS85]. If (3)
does not hold for some optimal solution, we obtain a 1 + ¢ < a approximation using the
PTAS in [AKTT97] when the number of tours is bounded by A = O,(1), for each value
A e {[n/Q],...,AN'}. Otherwise, we use the a-approximation algorithm in the claim. The
lemma follows. U

14



Therefore from now on we will assume that the input CVRP instance satisfies the
properties (1)-(3) above. In order to lighten the notation, rather than using multiple
ceelings and floors, we will rather assume that certain parameters defined later (e.g., p - Q)
are integer. This assumption increases the final approximation factor, but using the fact
that Q is large enough, then this increase is negligible (and absorbed by other numerical
roundings that we perform in the final computation).

Let OPT be an optimal solution for this instance whose cost is denoted by opt. By
shortcutting, we can assume that each client belongs to exactly one tour in OPT. We define
the cells and the respective quantities as in Section[1.3] All the constant parameters defined
in this section will be set at the end of this section.

As stated in Section when rlb is “far” from opt, then the existing techniques beats
the factor 2 approximation. So it is sufficient to focus on instances where rlb is “close” to
opt, that we next call difficult instances. In order to make the definition of difficult instances
precise, we define the J-neighboring cells of a center z € Z as follows, for a constant
parameter 0 < § < 1 to be fixed later.

Definition 10 (6-neighboring cells). The d-neighboring cells Ns(z) of z € Z are all the cells
cell(z') that contain at least one point at distance at most 6 - ¢(r,z) + € from z and such that
c(r,z') < c(r,z). See FigureWfor an illustration.

Fact 11. Consider a cell(z). The following holds:

1. For any point x € R? in a 6-neighboring cell of z and a point y € R? in cell(z), we have
c(x,y) <é-c(r,z)+2-e

2. Let x € R? be a point such that c(r,x) < c(r,z), and x is not in any 6-neighboring cell of z.
Then, x has distance at least 6 - c(r,z) to any point in cell(z).

Proof. Proof of (1): let x be a point in cell(z') € Ny(z) and let v be a point in cell(z’) such
that c¢(z,v) < ¢ - c(r,z) + e. Note that such v exists by the definition of é-neighboring cells.
Then, we can write c(x,y) < c(x,v) +c¢(v,z) +c(z,y) < 5+ (6-¢c(r,z) +€) + 5, where the
last inequality follows from Fact[7[1).

Proof of (2): since x is not in any é-neighboring cell of z and ¢(r, x) < ¢(r,z), it must be
that x is outside of the circle around z with radius J - ¢(r,z) + €. Therefore, the distance
between x and any point in cell(z) is at least ¢ - ¢(r,z) +&— 5 > ¢ - ¢(r,z), again by Fact

7). 0

Recall from Section that, for a tour T* € OPT, z(T*) is the center of the cell
containing the client peak(T*) of T* which is farthest away from r. We distinguish between
tours T* € OPT depending on the number of clients outside the §-neighboring cells of
z(T*). Let 0 < &', 8" < 1 be constant parameters that will be fixed later.

Definition 12 (Bad and good tours). Let T* € OPT. We call T* bad, if at least [6' - Q| many
clients in C(T*) do not belong to any 5-neighboring cell of z(T*). Otherwise, we call T* a good
tour.

Let OPTgo0q (resp., OPTpaq) be the set of good (resp., bad) tours in OPT. The following
lemma states that, if the total cost of bad tours in OPT is large, then the there is a large gap
between rlb and opt.
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Lemma 13 (Bad tours imply easy instance). If Y., ¢(T*) > 6" - opt, then
T*€OPTy.q

. _ YA Y/
rlbg(l—(S (1 52) o0 ) - opt.

Proof. For any bad tour T* € OPT, we show a gap between rlb(C(T*)) and ¢(T*) which
proves the lemma. The following claim helps in establishing such gap.

Claim 14. Let T* € OPT be a bad tour. Let v € C(T*) be a client that does not belong to any
d-neighboring cell of z(T*). Then, we have

5-(1-96)

2-¢c(r,v) < (1— 5

) - e(T7). 2
Proof. We consider two cases:
Case 1: ¢(r,z(T*)) < @ -¢(T*). In this case, we have
2-c(r,v) <2-c(r,peak(T*)) <2-¢(r,z(T*)) < (1—=90)-¢c(T"),
where the second inequality follows from Fact[/|(2).

Case 2: ¢(r,z(T*)) > (1;‘5) -¢(T*). Note that we have the following inequality for
any v € C(T"):

2-¢c(r,v) +c(v,peak(T*)) < c(r,v) + c(v, peak(T")) + c(r,peak(T*)) < ¢(T*). (3)

Now we can write

2-¢(r,0) < c(T") — c(v, peak(T"))
co(T*) —6-c(r,z(T"))
1-96

<c(T*)—6- — c(T"),

where the first inequality follows from (3), the second inequality holds by Fact[11}2)
and the last inequality is true because of the lower bound on ¢(r,z(T*)) as we are in
Case 2.

IN

This finishes the proof of the claim. O

We proceed with the proof of the lemma. We show for a tour T* € OPTy,,q4 there is a
gap between rlb(C(T*)) and ¢(T*) as follows:

fb(C(T*)) :é ; )2-6(1’,0)
veC(T*
< (1—g>'Q_.C(T*)+‘5"QQ-(1—‘5'(12_‘5>)-c(T*>
S A GRS ) @



where the inequality follows from the fact that there are at least [¢' - Q] > ¢’ - Q many
clients in C(T*) such that (2) holds for them.

Finally, we can prove the lemma using the above gap between ¢(T*) and rlb(C(T*))
for bad tours in OPT. Recall that, w.l.0.g., we could assume that a client belongs to exactly
one tour in OPT. Hence, we can write

rlb= Y rb(C(T*)+ ), rb(C(T))

T*€OPTy.q T* eOPTgood
5-(1-6)-8. . .
<y -2y y
T*€OPTy.q T eOPTgood
. _ . /- //
<a-2U i)(s °) - opt,

where the first inequality follows from (4) for bad tours and the fact that rlb(C(T*)) < ¢(T*)
for any tour with at most Q clients (hence specifically for good tours). The second inequality

follows since we are assuming Y, ¢(T*) > ¢” - opt. O
T*cOPTyq

Now, we can formalize the definition of difficult instances.

Definition 15 (Difficult instances). We say that the considered instance of CVRP is difficult if

. _ YA Y/
rle(l—(S ( (;) 0 ) - opt.

In the following we summarize some useful properties of difficult instances. We note
here that the inequalities (ii) and (iii) in Lemma|l6|are far from being tight; however, this
will suffice for our purposes.

Lemma 16 (Properties of difficult instances). For difficult instances, we have

(i) regret(OPT) := opt — plb < M . opt

(i)4- Y c(r,z) <e-opt
ze€Z

(iii)2- Y. bd(z) < ¢ opt.

zeZ

(iv) Y. ¢(T) < - opt
T*cOPTy,q
Proof. (i) follows from (1) together with Definition [15|and the fact that rlb < plb (see
Lemma). (ii) follows directly from Properties (1) and (3) of Lemma([9 (iii) holds because

Fact[7]says that bd(z) < ¢ for any z € Z, together with Property (3) of Lemma[9} (iv)
follows from Lemma [I3|together with Definition O
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Our final algorithm for the considered instance of CVRP is sketched in Algorithm

Algorithm 1 Improved Algorithm for CVRP

Input: An instance of CVRP satisfying (1)-(3) in Lemma 9]
Output: A feasible solution.

1: Compute a solution APX; with the algorithm from Lemma

2: Compute a solution APX; with Algorithm [2]in Section [3|for a given parameter 0 <
p < % where p - Q is integer.

3: Output the cheapest solution between APX; and APX;.

If the input instance is not difficult, then ¢(APX;) < (24 ¢ — w) - opt by

Lemmas 3|and i} Otherwise, namely if the input instance is difficult, the following lemma
upper bounds the cost of APX,.

Lemma 17 (Final cost of Algorithm . Forany 0 < §,8',6" < 1,and any 0 < p < % where
p - Q is an integer, the approximation factor of Algorithm |2|on a difficult instance is at most

5/ + 5//

14+2-8642-p+ +6-(1—=08)-6-6"+21-¢

The proof of our main theorem follows easily, by just optimizing the constant parame-
ters.

Proof of Theorem 2} By Lemma [9] by losing a factor 1 + ¢ in the approximation we can
assume that properties (1)-(3) hold. Apply Algorithm I From the above discussion the
approximation factor of the latter algorithm is at most

(1 =208)-8"-.8" / "
o i) o0 ,1+2~(5+2~p+(5+5

max{2 +¢— +6-(1—=06)-6-8"+21-¢}

Let us fix e = 10719, § := 0.09152463,6' := 0.04161686,6" := 0.04177375. Let also

o' :=0.20444372, and define p := p’ + W. Note that p - Q is an integer as required.

Furthermore, since Q > %, p —p' < e. The claimed value of T > 0 follows. In more

detail, we either get a 1.99993 approximation if the instance is not difficult or a 1.99998
approximation if the instance is difficult. O

3 Dealing with Difficult Instances

In this section we present an approximation algorithm, namely Algorithm 2} for difficult
instances (see Definition (15) with approximation factor better than 2 (specifically as in
Lemma([I7). We next describe in more detail the different parts of the algorithm.
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Algorithm 2 Algorithm for dealing with difficult instances

Input: An instance of CVRP satisfying (1)-(3) in Lemma @ and a parameter 0 < p < %
where p - Q is integer
Output: A feasible solution.

1: for all possible valid configuration {nZ,t.}c7 (see Section3.1) do

2
3:
4.
5

A

10:
11:

12:
13:
14:

15:

16:
17:

18:
19:

Let APX «+ @.
forallz’ € Z do
Compute a k-TSP tour Tysp(2") over C(2'), ko = Yo,z 1 (see Section .
Let Cpeak = UZ C(Tk-tsp (z')) and leto =C \Cpeak-
z'e

forallz € Z do
Based on the { Ti.tsp(2') }2cz, compute a tour Tpeax(z) containing n* = Y_,ic 17,
clients (see Section.
Compute a minimum cost collection of trees Fi, ..., F;, g = } ;7 2 - tz, such that: (i)
the trees span all the clients Cjy;,; (ii) each F; contains r and some z; € Z; (iii) the
number of trees with z; = z is exactly 2 - ¢, (see Section [3.3).
fori=1,...,9do
Convert F; into an r-z; path P; (see Section[3.4).
Convert P; into tours TZQ, cee, Tlhi, each one containing r and at most p - Q clients,
and an r-z; path P/ containing at most p - Q clients, such that all the clients of P;

belong to a tour le or to P/ (see Section .
Add {T?,...,T!"} to APX.

forallz € Z do
Let P, be the collection of 2 - t, paths Pi’ with z; = z. Pair them arbitrarily as

(P(”) P(b)), o, (P(a) P(b))

1,z771,z ty,z7 “ty,z

Partition Tpeak(z) into ¢, fragments T;eak(z),...,T;Zeak

(1—-2-p)-Q clients each, plus a minimal number £, > 0 of fragments

T}t)ze :11 (2),..., T}tfe ;i; (z) containing up to Q clients each (see Section .
forj=1,...,t;do
Combine (P].(Z,), Pj(,z)) and T}]j eak
3.5).
forj=t,+1,...,t;+t, do

Convert Té «ak (2) into a tour T/ and add it to APX (see Section .

(z) containing up to

(z) into a tour Tg and add it to APX (see Section

20: Output the cheapest solution APX obtained above.
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3.1 Peak Clients Configuration

The algorithm starts by guessing an optimal peak clients configuration, which is defined as
follows. Recall that C(z) denotes the set of clients in cell(z). For every cell(z) and every
d-neighboring cell cell(z’) of z, we guess the number 7, of clients in cell(z’) that are on a
tour in OPT whose peak center is z. Recall that N;(z) is the set of all 6-neighboring cells

of z. For notational convenient we define nZ, = 0if 2’ ¢ Nj(z). Letky := Y n% and
zeZ
n®:= Y nZ. Intuitively, k, is the number of clients in cell(z’) that are on an optimal tour
Z’eZ

whose peak is “near” z’, while n* is the number of peak clients of tours with peak center z.
We also guess the number ¢, of tours T* € OPT with peak center z(T*) = z. Observe that
n* < t, Q by definition. We call such a tuple {n,, t.}, ,.c7 a peak client configuration or
simply configuration. We define valid configurations as follows:

Definition 18 (Valid configuration). We say that a configuration {nZ,t,}, . is valid if for
every z € Z, we have

@n*= Y ni <t;-Q,

ZeZ
(ii) nZ, = 0 if cell(z') & Ns(z), and
(i) ky = ¥ 15, < |C(2)].
z€Z

The algorithm considers all the possible valid configurations (line 1). We remark that
this is a polynomial-size set. For each valid configuration {nZ,t.}, .z, it performs the
following steps, therefore computing a feasible solution APX.

3.2 Computation of Tours on Peak Clients

Recall that a k-TSP tour over a set of nodes V, |V| > k > 1is a tour visiting at least k nodes
(chosen arbitrarily). In Line 4, for each z’ € Z, the algorithm computes a k,-TSP tour
Ti—tsp(2') over the clients C(z') in cell cell(z"). Such tour is computed using a known PTAS
[Aro98, vWZ24]]. We remark that, by the definition of a valid configuration, |C(z')| > k.,
hence this step is implementable. By Cpq (line 5) we denote the set of clients involved in
such tours, that we next call peak clients. The remaining clients Cjf, := C \ Cpeak are next
called leftover clients.

Then we use fragments of the tours Ty (') to build a tour Tpe,k(z) for each center
z, containing n* distinct clients in Cp (Line 7). First of all, we break Tk_tsp(z’ ) into one
fragment containing 7z, distinct consecutive clients for each z € Z. When nZ, = 0, the
fragment is simply a dummy fragment containing no node. Notice that the fragments span
precisely the k,» nodes of Tk_tsp(z’ ). Next for each z € Z we build Tpeak(z) by considering,
for each z' € Z such that nZ, > 0, a distinct fragment of Ty, (2') with exactly nZ, clients,
and forming a tour including such fragments plus a minimal number of edges linking the
endpoints of each fragment to form a tour in an arbitrary way (as we will see, there is no
need to optimize here).

20



3.3 Covering the Leftover Clients via a Forest

We next show how to cover the leftover clients with a cheap forest via matroid intersection
(Line 8). As mentioned in the introduction, this is the most novel part of our construction.
Recall that our goal is to construct a forest of (not disjoint) trees Fy, ..., F; of total minimum
cost such that:

(i) Eachv € (s, belongs to exactly one tree F;
(i) Each F; contains r and some center z;;
(iii) There are precisely 2 - £, many trees having z; = z.

Make 2 - t, copies of z collocated with z for each z € Z, and let X be the set of all

such copies. Similarly, make ) 2-t, copies of r collocated with r, and let R be the set
zeZ

containing all the copies of 7. Let V' := Cj¢, URU X, and let E’ = (‘g/) be the set of pairs
of distinct nodes in V’. We define a first matroid M; = (E’, I;) where I; is the set of all the
forests in (V/, E') such that each connected component has at most one vertex in X. We
define a second matroid M, = (E’, I), where I, is the set of all the forests in (V’, E’) such
that each connected component has at most one vertex in R. The proof that M; and M,
are matroids is similar to an analogous proof in [OC94]. For completeness, we include a
complete proof of these claims in Appendix[5] Any basis in the intersection of these two
matroids is a forest that has exactly |R| = | X| many trees, each one containing exactly one
copy of r and one copy of some center z. Hence this induces a feasible solution to our
problem (after collapsing back all the copies of r and of the centers). Using a weighted
matroid intersection algorithm (e.g., Theorem 41.6 in [Sch03]), we find a minimum cost
such basis, that forms our forest Fy, ..., F;.

3.4 Converting Trees into Tours and Paths

We next take each tree F; in the forest (containing r and some center z;), and convert it into
an r-z; path P; covering the same set of leftover clients (Line 10). To do so we consider the
unique r-z; path B; in F;, and duplicate all the edges in E(F;) \ E(P;). Then we construct an
Euler walk from r to z; in the obtained multigraph and finally shortcut duplicated nodes.

Next we discuss how to implement Line 11. Here we simply apply the path partitioning

Lemma Notice that the obtained tours TI.O, e, Tl.h" are valid tours (i.e., they contain r and
at most p - Q < Q clients each).

3.5 Covering Peak Clients and the Remaining Leftover Clients

We next discuss how to construct the final tours added in Lines 15, 17 and 19. These tours
cover the leftover clients in the tours PJ, .. ., P,; plus all the peak clients Cpy-

We do the following for each center z € Z. First of all (Line 14), we subdivide Tpeak(z)
into fragments (again formed by consecutive distinct clients) as follows. Remove any edge
from Tpeak(z) and let T’ be the resulting path. Iteratively remove the first min{(1 —2-
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p)-Q,|C(T")|} clients from T’, until all the clients of T are removed or we have already
identified t, fragments. If the number of identified fragments is strictly smaller than ¢,
we add a sufficient number of dummy fragments consisting of z only to reach exactly ¢,
fragments (the dummy fragments are only introduced to simplify the later notation). Let

TPl) eak(2), - Tlife . (2) be the obtained fragments. If there are no remaining clients in T’

we are done Otherwise, iteratively remove the first min{Q, |C(T")|} clients from T’ until

/
all the clients are removed from T’. Let Tlizejli( Z),..., T;Ze:f (z) be the obtained fragments.

Notice that possibly t. = 0, i.e., there are no such fmal fragments.
The next steps are implemented trivially. For j = 1,...,t;, in Line 17 we construct

a valid tour T, (which is added to APX) as follows. We take the union of the pair of

paths (P P, p ) ), plus the fragment T/ (z), plus two edges between the endpoints of the

jz P jz peak
considered fragment and z. Then we shortcut z. Notice that the obtained tour contains r

and all the clients in P](Z), P](Z), and TIJJ cak (2)- Notice also that this tour is valid since P].(;)

and P].(,Z) contain at most p - Q clients each, while T1{> «ak (2) contains at most (1 —2-p) - Q

clients.

Forj=t,+1,...,t;+t,,in Line 19 we construct a valid tour T} (which is added to
APX) by adding to the fragment T, ) .(2) (which contains at most Q clients) one edge
between r and each one of its two endpoints. Clearly this is a valid tour.

Notice that at this point all clients belong to at least one tour in APX and recall that
each such tour contains at most Q clients. Hence APX is a feasible solution. The very
last step of the algorithm is to return the cheapest solution APX among all the solutions
computed for each valid peak clients configuration. See Figure | for an illustration of this
algorithm.

4 Cost Analysis of Algorithm 2 and Proof of Lemma |17

In this section, we analyze the cost of the solution produced by Algorithm 2|which in turn
proves Lemma (17, Consider the optimal configuration {nZ,t}, .c 7 corresponding to OPT.
Let APX be the solution computed given the optimal configuration. We bound ¢(APX)
which is an upper bound on the cost of the output solution. Our plan in this section is to
bound the cost of tours added to APX in line 12, line 17, and line 19 separately. All the
referred lines are based on Algorithm

4.1 Cost of tours added in line 12

The tours le ’s and paths P/’s (line 11) are obtained by applying Lemma 8|to P; for i =
1,...,q (line 11). First we bound the cost of P;’s (computed in line 11).

Claim 19 (Cost of paths in line 11).
q
Y ¢(P) < (1+¢) - opt + regret(OPT).
i=1
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Figure 6: In this example, t, =, = 1. On the left, Tpeax (z) (line 7) is shown in light green
color. The fragment T pea 1 (z) (line 15) is shown with purple nodes. The fragment T?peak(z)

(line 15) is shown w1th blue nodes. According to Section [3.5, we connect the endpoints
of T1:1>eak( z) (dark green) and the endpoints of T, peak( z) to r (orange). Since |P;| = 2, we

only have one pair of paths (Pl( Z), (,Z) ). On the right, we show the resulting tours added

to APX. Tours Tlo, Tll, T2O are added to APX in line 12. Tour TZ1 is added to APX in line 17
and tour T2 is added to APX in line 19.

Proof. Recall P; is obtained from tree F; for i = 1,...,q by doubling all the edges in F;
except the edges on the unique r-z; path P; in F;. Since ¢(P;) > c(r, z;), we can write

q 9

q q
Z ) < Z ZC(Fi)—ZC(VzZi))

=1

~.
I
—_
~.
I
—_
-~

)
<2. f ~ Y 2-c(r,peak(T?))
i=1 T*cOPT
:Z-ic( ) — plb

where the first equality holds because there are exactly 2 - t, many trees F;’s with z; = z,
the second inequality follows from the fact that there are {, many tours in OPT whose
peaks are in cell(z) and the fact that c(r, z) is at least c(r, v) for any v € C(z) (see Fact[7}2)),
specifically ¢(r,z(T*)) > c(r, peak(T*))

The claim follows by showing Z ¢(F;) < (1+ %) -opt. This is easy to see: for each

tour T* in OPT add two edges {peak(T*) z(T*)}. Transform T* and these two added
edges to a tour T’ that contains z(T*) by shortcutting pass peak(T*) once. Define peak(T’)
to be z(T*). Let OPT’ be the resulting tours. It is easy to see OPT’ induces a basis in
both matroids M; and M; (see Section by viewing each tour T’ in OPT’ as two
edge-disjoin r-peak(T’) paths. Note that the cost of added edges for each tour in OPT
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i=1
opt+ Y 2:-5 < (1+%)- opt, where the last inequality holds because each tour in OPT

q
is at most 2 - § because of the cell sizes (see Fact 1)). Therefore, ) c(F;) < c(OPT) <

T*€OPT
has cost at least 2 (by definition of D-boundedness in Section [1.3). Plugging this bound for
F/’s in (B) finishes the proof. O

Equipped with the above claim, we now bound the cost of tours in APX added in line
12 of the algorithm.

Lemma 20 (Cost of tours added in line 12).

h; ) / 1
Yoo <+ 20

i=1j=0

=

q
+2-¢) - opt + regret(OPT) — ) _ c(P).
i=1

Proof. The tours TZ] ’s and paths P/’s (line 11) are obtained by applying Lemma|8|to P; for
q
i=1,...,q (line 11). Note U C(P;) = Cjf,- Hence, by the bound given in Lemmafor
i=1

each P; we can write:

) q
ST+ Y e(P) <Y e(B) + ——= Y 2-c(r,0)
e . : P Q ey, ©
< (1+¢) - opt + regret(OPT) + Y. 2-¢(r,v),

p-Q vECif1

where the second inequality follows from Claim Below, we show p.LQ Y. 2-¢c(r,o) <
UEleto

!/ 1! E]
(% + %) - opt. Substituting this bound in (6) and moving }_ c(P/) to the other side
i=1

tinishes the proof of the lemma.

Recall the definition of good tours in OPT in Definition {12} We say a client v is a good
client, if v is on a good tour T* and v belongs to a é-neighboring cell of z(T*). The rest of
the clients are called bad clients.

Consider cell cell(z") and a good client v € C(z’). Since v is a good client, there must be a
tour T* € OPT,40q such that v € C(T*) and cell(z’) € Ns(z(T*)). Therefore, v contributed

to 7). We conclude [Cpet NC(2')] = ky = ¥ 1% > |Cgooa N C(2')| which in turn
zeZ

implies |Cjf1, N C(2')| < |Cpag N C(Z)]. Together with the fact that distances from r to the
clients in cell(z’) differ from each other by an additive term 5 (i.e., [c(r,v) — c(r,u)| < 5
forall u,v € C(z'), see Fact[7[1)) we have
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1 1
—- Y 2-c(ro) < = 2 (c(r,u)+§)
Q veCIﬂO Q Z'€Z ueCpqNC(z')
1
=5 L 2-(c(ru)+3)
Q u€Chad
_ ! Y. 2-c(r,u)+ £ Y 2
Q u€Chad , 2-Q uECpad
1 €
<—- Y 2-c(r,u)+5-1lb
Q UECpaq 2
1
:—-< Y. Y. 2-c(ru)
Q T*€OPTgp0q , - UE
C(T*)NCaq

+ ) ) 2~c(r,u)>—|—§-r1b

T*€OPTpaq ueC(T*)

1 / * * €
§§.<5.Q. Y, oTH+Q- ), c(T)>+§-rlb

T* eOPTgood T eOPTbad

< (8 +6"+ 2) opt,

where the first inequality follows from the discussion above, and the second inequality
follows from the definition of rlb and the fact that distance of any client from r is at least 1.
The penultimate inequality holds since 2 - ¢(r, u) < ¢(T*) for all u € C(T*) for any tour in
OPT, each good tour has at most ¢’ - Q bad clients and bad tours have at most Q clients.

The last inequality follows from Lemma iv) thatstates ),  ¢(T*) < 4" optand
T*€OPTpq

the fact that rlb < opt. O

4.2 Cost of tours added in lines 17 and 19

Next we compute the cost of tours added to APX in lines 17 and 19 of the algorithm. Recall

for center z, Tyea(2) is partitioned into fragments Tg cak(2), - TI';Ze .« (2) (which will be part

of the tours T for j=1,...,t) and fragments T="!(z), ..., i+ “(z) (which will be part

: peak peak
of the tours T forj=1t,+1,...,t;+ ).
Lemma 21 (Cost of tours added in line 17).
ts . q
Yo N (T <Y o(P) +ZZC teak(z)) + - plb+3-¢ - opt.
zeZ j=1 i=1 zeZ j=1

Proof. Consider cell cell(z) and a tour T/ for some 1 < j < t,. Note T/ is obtained from the
; j p@ p®) -
j-th fragment Tp cak (2) and the j-th pair of paths (P L ) by adding an edge between

jz’
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z and each of the two endpoints of peak( z) (see Section . Note each added edge is
between z and a client in a §-neighboring cell of z which has cost at most § - ¢(r,z) +2 - ¢
by Fact 1). Since we add two such edges to build T/, we get

o(T2) < e(By) +¢(P);)) + e(Thp(2)) +2- (5-c(r,2) +2-¢).

peak

Summing the above inequality for all Té forj=1,...,t, we get (7). Recall that P, (line
14) is the collection of paths P/ with z; = zfori =1,...,q.

gc(T;) < 21 (e(P) +e(P2) + e(T] (2)) +0-2-c(r,2) +4-¢)
= =

(7)

=) < +2c Jeak(2)) +0- 2t c(r,z) +4 -tk
PeP;,

By summing the above 1nequa11ty for all z € Z we get the desired bound for the
cost of the tours added to APX in line 17 where this calculation is shown below. Note

£ T eP)= X clP).

zeZ PEPZ

Zic(Tg)SZ Z —i—ZZC peak )+(5-ZZ'tZ-c(r,z)—i—ZsZZ'tz

zeZ j=1 z€Z PeP, zeZ] z€Z z€Z

gz (P)) +ZZC heak(2)) +6 ) 2-(c(r,peak(T*))+§)+2-sZz-tz

i=1 z€Zi= T*cOPT z€Z
d -
=ZcP’+ZZc beak (7)) 0 p1b+T Y. 2+2-€e) 2t
i=1 ze€Zi= T*€OPT z€Z
9
1 c(P) +Z€ZZZC peak ))+o- plb+— opt+2-¢-opt,
i= i

where the first inequality follows from (7)), the second inequality holds because OPT has ex-
actly t; many tours whose peak is in cell(z) and the fact that c(r,z(T*)) < c(r, peak(T*)) +
5 (see Fact[/{1)), the equality follows from the definition of plb. The last inequality follows
from the fact that OPT has t, many tours of cost at least 2 for each z € Z. O

Next, we bound the cost of tours Tg’s forj=1t,+1,...,t; +t,. Note ¢, might be 0 for
some z € Z which in this case no tour is dded to APX in line 19 for center z.

Lemma 22 (Cost of tours added in line 19).

t,+t, t 4t
Y Y )<Y ¥ Ty (2) +2-p-plb+e-opt
zeZ j=t,+1 zeZ j=t,+1
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Proof. For a cell z where t, = 0 no tour is added to APX. So consider a cell z with ] > 1.
Let T] be a tour added to APX for some t; +1 < j < t, + t. Recall T] is obtained from

the j-th fragment Té eak

(z) and two added edges: edge between r and each one of the two
endpoints of T pe . (2) (see Section . Note each added edge is between r and a client in a
d-neighboring cell of z. Any point in a §-neighboring cell of z has cost at most c(r, z) from
r. Since we add two such edges to build T/, we get

o(T)) < o(T/

peak( z))+2-c(r,z).

Adding the above inequality for all the centers give

t4t, t+t,
]
Z T < Z peak + 2. t ( ) (8)
j=tz+1 j=tz+1

Next, we give an upper bound on t,. Note |C(Tpeak(z))| < t:- Q and the first ¢,
fragments of Tpeax (2) each has exactly (1 —2-p) - Q clients (because t, > 1). Therefore, the

tott]
total number of clients on the remaining fragments is |] Hrl C( peak( zZ)| <2-p-t- Q.

Since each T}]j eax(2) forj =t, +1,...,t, 4t has exactly Q clients except possibly the last
one, we conclude t, < [2-p-t,| <2-p-t,; + 1. Plugging this bound for ¢ into (8) we get

t,+t, ) t,+th
Y o(Td) < Z Peak +(2-p-t;+1)-2-¢(r,2).

By summing the above inequality for all z € Z we get the desired bound for the cost of the
tours added to APX in line 19:

o+t t A+t

Y Y «(th<Y Y ¢ peak z)+2-p- Y 2-t-c(r,z) +2- ) c(r,2)
z€Z j=t,+1 z€Z j=t,+1 zeZ zEZ
t+t,
<Y Y ¢ peak )+2-p- Y. 2-(c(r,peak(T*))+ =) +2-)_ c(r,z)
z€Z j=t,+1 T*€OPT 267
to+th
—Z Z peak )+2-p-plb+p-¢- Z 2+2-2c(r,z)
z€Z j=t,+1 T*€OPT 2€Z
t,+th
<Y Y ¢ peak )+2-p- p1b+— opt+— opt,
z€Z j=t,+1

where the second inequality follows from the fact that OPT has exactly ¢, tours with peak
center z and c(r,z(T*)) < c(r, peak(T*)) + 5 (just like in the proof of Lemma 21), and the
last inequality follows from the fact that p < %, each tour in OPT has cost at least 2 and
Lemma [16{(if).

O]
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cell(z)

r

Figure 7: The projection of the tour T into cell(z) is shown in blue color. The nodes are
clients.

As it is clear from the statements of the previous two lemmas, we need to analyze
ZZ ¢(Tpeak(2)) to finish off the cost analysis for this subsection. To do so, first we need to
z€

define the cost of a tour inside a cell. Consider a tour T* € OPT, and cell cell(z) drawn
on the plane. Note T* is a polygonal chains. Consider the projection of T* into cell(z)
that produces polygonal chains I'ly, ... II; of T* inside cell(z) where the endpoints of each
IT; fori = 1,...k are on the boundary of cell(z). Recall the definition of subpaths from
Section [I.3]which can be applied to I1’s as well. We define the cost of T* inside cell(z) to

k
be c(T*[cell(z)]) := Y. ¢(I1;). See Figure H‘for an illustration.
i=1

In the next claim, we show on average the cost of optimal tours inside the 6-neighbroing
cells of their peaks is small. This will be crucial later.

Claim 23 (Cost of a tour close to its peak). Let T* be a tour in OPT, and let Py, Pr. be the
corresponding r-peak(T™*) path when viewing T* as two paths between r and peak(T*). Then,

Y. c(T*[cell(z")]) < -2 c(r, peak(T*)) + regret(Pr+) + regret(Pr.) + 5 - €.
z': cell(z)eNs(z(T*))
)

Proof. Consider the ordered sequence r = vy, vy, ..., vx of nodes along Pr+ where v; € C
fori = 1,...,k. Let x € R? be the point closest to v; in the intersection of the line
segment between {v;, v;;1} and the boundary of a §-neighboring cell of z(T*) where i is
the smallest such index. Let PL, be the subpath of Pr- starting at r and ending at x, and let
P2, be the subpath of Py« starting at x and ending at peak(T*) (see the Preliminary for the
definition of these subpaths and their costs). Similarly, we define the x’ € IR? on PJ. and its
corresponding subpaths P} and P/2. Note that the LHS of (9) is at most c¢(P2,) + c(P2).
Using Fact5|about the regret of paths we write

regret(Pr+) = c¢(Pr+) — c(r, peak(T"))
= ¢(P}.) + c(P2.) — c(r, peak(T*)).

By rearranging the above equality, we get c(P2,) = c(r, peak(T*)) — c(PL.) + regret(Pr+).
Since ¢(PL.) > ¢(r,x), we conclude ¢(P%.) < c(r,peak(T*)) — c(r, x) + regret(Pr+). Be-
cause x belongs to a -neighboring cell of z(T*) and peak(T*) is in cell(z(T*)), by Fact
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1) and the triangle inequality we have
c(P2.) <6 -c(r,z(T*)) +2 - e + regret(Pr+).

Since c(r,z(T*)) < c(r, peak(T*)) + § (Fact[7[(1)) we conclude the following bound for the
cost of PZ.:
¢(P%.) < §-c(r,peak(T*)) + 2.5 - £ + regret(Pr),

where we used the fact that 6 - § < 5. The claim follows by obtaining a similar bound for
PE. O

Finally, we are ready to bound the cost of Tk (2)’s.

Lemma 24 (Cost of peak-tours).

Y c(Tpeax(z)) < 6 - plb + regret(OPT) + 15 - £ - opt.
z€Z

Proof. Recall each tour Tpeqi(2) is obtained from some fragments of Ty, (2") for cell(z’) €
Nj;(z) and the added edges between the endpoints of these fragments (see Section [3.2).
Note for each z, we have up to K (the number of cells) fragments and we can connect these
fragments by at most K edges each of length 2 - D (because every point is in a ball of radius
D). Therefore, we have

ZC peak Z Tktsp +2 ZK D

z€Z z'eZ z'eZ

Lf (10)
< 2 (Tisp (2 +5 - opt,

where the second inequality holds because each tour in OPT has cost at least 2; hence

opt >2-A >¢e-(4-K>- D) (see Deﬁmtlon'b) ). So it remains to bound Y- ¢(Tisp(2'))-

Z'eZ
Claim 25. Y ¢(Tisp(2')) < 0 - plb + regret(OPT) + 14 - € - opt
Z'eZ

Proof. We use a similar fact proven in [Kar77] that states one could turn a collection of

paths (polygonal chains in our case) inside a cell whose endpoints lie on the boundary

of the cell into a TSP tour by paying an extra 3 times the length of the boundary of the

cell. This was used in [GMZ23] as well. For cell(z’), let 7_; be the collection of all the tours

T* € OPT where cell(z') € Ns(z(T*)). Note ky = [C(z')n( U C(T*))|. Consider all

T*eT3

the polygonal chains obtained from projection of T* inside cell(z’) for all T* € T;*. These

polygonal chains altogether cover exactly k. clients. Using the known PTAS for k-TSP and
the result of Karp, we conclude

(Tap(@)) < (149)- (T e(Tleell)])) + 5 -bd(2)) )

T*eT};
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For a tour T* € OPT, define Pr+, Pf.. to be the corresponding r-peak(T*) paths when
viewing T* as two paths between r and peak(T*). Using (11)), we write

Y el < (140 (L (L e eelliz)])) + 5 -bd()

z'eZ z'eZ T*E’Y;’;
:(1-|-£)-<< ) Y o(T*[cell(z' >-|—Z— -bd(z )
T*€OPT cell(z')e Z’eZ
No(2(T"))
<(1+¢)- ( ) ((5 -2 c(r,peak(T")) + regret(Pr+) + regret(Pr.) + 5 - S)
T*€OPT
+ Z ~ -bd(z )

b4 GZ
< (1+e¢)- (6 plb+ regret(OPT) + 6 - € - opt)
< ¢ - plb + regret(OPT) + 14 - ¢ - opt,
where the second inequality follows from Claim 23} the third inequality holds by Lemma

[16(iii), and the last inequality obtained by a very crude bound of § < 1, regret(OPT) < opt,
and 62 < 6-&. O

Substituting the guarantee of the above claim in finishes the proof of the lemma. [J

4.3 Proof of Lemma
Putting together Lemma 1] and Lemma 22| gives us

t+t, q
Y. Z o(T)) < Y c(P)+ Y c(Tpeak(z)) + (6+2-p) - plb+4-¢-opt (12)
zeZ j=1 i=1 z€Z

By substituting the guarantee given by Lemma 24| for Z ¢(Tpeak(z)) in (12) we get

t,+th q
Y Z c(T]) < Y c(P!) + regret(OPT) 4 (2-6+2-p) -plb+19-e-opt.  (13)
z€Z j=1 i=1

Adding (13) to the guarantee given by Lemmaand recalling regret(OPT) < w :

opt (see Lemma [16(7)) finishes the proof of Lemma
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5 Appendix A

We prove the set systems defined in Section 3.3]are indeed matroids.

Given a graph G = (V, E) with metric cost c and a subset X C V. Let M = (E, I) be
a set system on ground set E. A subset F C E is independent if F is a forest and each
component in F has at most one vertex from X. We prove M is a matroid which proves
both M; and M, defined in Section [3.3|are matroids.

It is easy to see @ € I, and the hereditary property holds for M. Let us prove the
exchange property. Let F; and F, be two independent sets, and |F;| < |F,|. We call the
tree in both F; and F, that have a vertex in X, a special component, otherwise we call the
tree a non-special component. Since |F;| < |F,|, the number of components in F; is strictly
larger than the number of components in F,. Also both F; and F, have the same number
of special components. Therefore, there is an edge e € F, \ F; that belongs to a cut edge
of a non-special component A of F;. Since V(A) N X = @, every tree in F; U {e} has at
most one vertex from X; hence, F; U {e} is independent. This shows the exchange property
holds for M.
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